We propose a simple method to estimate the parameters involved in discrete dynamical systems from time series. The method is based on the concept of controlling chaos by constant feedback. The major advantages of the method are that it needs a minimal number of time series data and is applicable to dynamical systems of any dimension. The method also works extremely well even in the presence of noise in the time series. The method is specifically illustrated by means of logistic and Henon maps.
We propose a simple method to estimate the parameters involved in discrete dynamical systems from time series. The method is based on the concept of controlling chaos by constant feedback. The major advantages of the method are that it needs a minimal number of time series data and is applicable to dynamical systems of any dimension. The method also works extremely well even in the presence of noise in the time series. The method is specifically illustrated by means of logistic and Henon maps. In recent years, studies on chaotic dynamical systems have become extremely relevant from a physical point of view due to their potential applications in secure communication [1] [2] [3] [4] [5] , cryptography [6] , and so on. Also, much attention has been given to time series analysis since many physical, chemical, and biological systems exhibit chaotic motion in nature. The main objectives of time series analysis are to identify the structure of the equations which govern the temporal evolution of the dynamical system, the number of independent variables involved, and parameters which control the dynamics of the system [7] . Several methods have been developed for modeling the dynamical systems by different authors [8, 9, 10, 11, 12, 13] . A number of methods have also been proposed for estimating the system parameters based on the concept of synchronization [14, 15, 16, 17, 18] , Bayesian approach [19, 20] and least squares approach [21] . In this Letter, a very simple and practical method for estimating the system (control) parameters of discrete dynamical systems from the time series is developed using the concept of controlling chaos [22, 23, 24, 25] . This method is applicable to time series obtained from a discrete system of any dimensions and can be extended to continuous systems also without much difficulty. The method can also be used for the time series which contains considerable amount of noise as well as with scalar time series. Further this method can be used in the field of controlling chaos to find the exact values of controlling constants (κ i ).
Consider an arbitrary N -dimensional discrete chaotic dynamical system (the original map),
where i = 1, 2, 3, ...N , p denotes the system parameters of dimension M to be determined and the discrete index n stands for denoting the iterations. We also assume that the function f is sufficiently smooth. Let us construct a modified discrete dynamical system (the modified map) as
where κ i 's are constants. The crucial idea in the construction of the modified map is that the addition of constants κ i in Eq. (1) will not affect the Jacobian of the original map, but it can change the original map without affecting the parameters (p) into a modified map exhibiting a different stable fixed point solution (other than the unstable fixed point of the original map). Also it is always possible to construct such a modified map by finding a suitable set of contants (κ i 's) which makes the modified map to exhibit a stable period one fixed point even for the parameters for which the original map evolves chaotically. Now let us start the evolution of the original and modified systems from a common set of initial states (i.e., x (0) i = y (0) i ). After one time interval, the dynamics of the modified system can be represented as
and the dynamical variables of the original and modified systems can be related as
where c
(1) i = κ i . After the second interval of discrete time, the dynamics of the modified system can expressed as
and, after Taylor expansion, the relation between the variable of the original and modified systems becomes
where
and x is the vector of dimension N . Proceeding further, the entire time evolution of the modified system can be obtained from the original system by the relation
and c
be the m data set points of the given chaotic time series obtained for the original map. Then the trajectory of the modified map (which is constructed by adding a set of constants κ i with the original map) can be obtained from the above time series by the relation
and z is a vector of dimension N . If the original system is one dimensional, then
Let y * i be the period one fixed point of the modified map obtained by Eq. (8) for the given time series data. Then the n th and (n + 1) th iterations of the map can be expressed as
and by subtracting Eq. (10) from Eq. (11), we get
Similarly,
where c (2) at the estimated parameters. The degree of closeness of these fixed points gives a measure of the accuracy in the estimated parameters.
As an example to our method in one dimension, consider the well known logistic map
where r is the unknown system (control) parameter. Then the modified logistic map can be constructed as
where κ is a constant to be determined which makes the modified logistic map to exhibit period one fixed point solution for the parameter where the original map exhibits chaotic solution.
Let
be the time series data obtained from the logistic map at some arbitrary time interval for a unknown system parameter (r). Assume z (0) be the common initial state for both the original and modified logistic maps (i.e. x (0) = y (0) = z (0) ) and so c (0) = 0 by Eq. (8a). Then after substituting three data points z (1) , z (2) and z (3) (one can take any three successive data) of the time series and the values of c (1) , c (2) and c (3) calculated by making use of the Eq. (9) into the Eq. (12), we get
The values of κ and the unknown parameter (r) can be estimated by solving the above two nonlinear simultaneous algebraic equations with an initial guess of κ and r. For illustration purpose, we have used the numerically generated time series of the logistic map for the system parameter r = 3.67 and solved the eqns. (15) by globlally convergent Newton's method [26] with an initial guess −0.5 to κ and 10.0 to the parameter r. The convergences of the system parameter r and κ are shown in the Table I and it shows that the estimated value r is 3.67 which is the exact value of parameter at which the time series data of the logistic map is generated.
In order to test the robustness of the method, a noisy time series generated by considering that the system itself produces some error in the data in each iteration was also used in the above illustration. In our analysis a noise of strength 10 −2 is added with the eqution of the system that generates the time series data. For a particular set of data the estimated value of r is found to be 3.67164967 after solving eqns. (15) for the same initial guess to κ and r as before. Also, the values of parameter (r) estimated from the noisy time series data at various intervals (we have considered 1000 data points) of time is found to be distributed around 3.67. We have also carried out similar analysis for the Moran-Ricker (exponential) map and verified that the system parameter can be identified correctly both in the absence and presence of noise.
For the illustration of our method in two dimensional discrete system, we consider the Henon map,
where α and β are control parameters to be determined, and the modified Henon map can be constructed as
where κ 1 and κ 2 are constants which force the modified Henon map to exhibit period one fixed point solution for a set of parameters where the original Henon map shows chaotic behaviour. Let (z
1 , z
2 ), (z
2 ),...,(z
) be the data sets of time series obtained from the Henon map at some arbitrary interval of time for a set of unknown system parameters (α and β). The starting assumption of common initial state x
In the case of Henon map, the substitution of c 
In this illustration, we have used the numerical time series data of the Henon map generated for the system parameters α = 1.4 and β = 0.3 and solved the above coupled Eq. (18) by the globlally convergent Newton's method [26] with an initial guess α = 2.5 β = 1.5, κ 1 = −0.1 and κ 2 = 0. The convergence of α, β, κ 1 and κ 2 are shown in Table II and it also shows that the estimated values of α and β are 1.4 and 0.3 respectively. And these estimated values are in exact agreement with the values of the parameters for which the time series of the Henon map is generated. As in our previous example, we have solved the Eq. (18) using the time series data containing a random noise of strength 10 −2 for the same initial guess. In this case, the estimated values are found to be α = 1.39873784 and β = 0.29767999 and the values of parameters α and β estimated at various interval of time using the noisy data is found to be distributed around 1.4 and 0.3, respectively. One can also verify that the above system parameters can be obtained from a scalar time series (either z 1 's or z 2 's) by contructing four algebraic equations suitably from Eq. (12) and making use of the system equations. For example, parameters (α and β) can be estimated from the scalar time series of z 1 using the four algebraic equations which contain z 1 alone in the right hand side, constructed by making use of c
1 and c (5) 1 in Eq. (12) . At this point, one may raise the question, why not invert directly the map (1) itself using the time series data so as to find the system parameters. While this is certainly possible in the case of exact time series, the extreme sensitiveness of chaotic systems to initial conditions make it an unreliable procedure in the presence of suitable noise. For example, in the case of logistic map the estimated value of r is found to be 3.7 while the original value is 3.67 when an 1% white noise in the range 0 to 1 is introduced in the time series. On the other hand in our method described above, no such difficulty arises.
Next, we wish to point out that it is possible to extend the analysis to identify the system itself in principle, say an N th degree polynomial for the right hand side of Eq. (1). By solving sufficient number of Eqs. (12) one can then identify the form of the map itself. From another point of view, the procedure outlined here also gives a method to obtain the values of the controlling constants (κ i ) for a chaotic system to a desired periodic orbit. Finally, we have also extended the same precedure to continuous dynamical systems for estimating the system parameters by finding a set of differential equations which determine the connection between the original and modified systems. The details will be presented elsewhere.
To conclude, the main advantage of our method is that a very minimal number of time series data is sufficient for the accurate determination of the system parameters. We can check the accuracy of the estimated parameters by comparing the fixed point obtained by Eq. (8) using the time series at estimated parameters with the fixed point of the modified dynamical system at the same parameters. Thus, we have developed a very simple as well as useful method for estimating the unknown system parameters of the discrete dynamical systems of any dimensions and illustrated it by means of logistic and Henon maps.
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